Abstract. We study global conformal Assouad dimension in the Heisenberg group H n . For each α ∈ {0} ∪ [1, 2n + 2], there is a bounded set in H n with Assouad dimension α whose Assouad dimension cannot be lowered by any quasiconformal map of H n . On the other hand, for any set S in H n with Assouad dimension strictly less than one, the infimum of the Assouad dimensions of sets F (S), taken over all quasiconformal maps F of H n , equals zero. We also consider dilatation-dependent bounds for quasiconformal distortion of Assouad dimension. The proofs use recent advances in self-similar fractal geometry and tilings in H n and regularity of the Carnot-Carathéodory distance from smooth hypersurfaces.
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Introduction
The conformal (Hausdorff ) dimension of a metric space (X, d) is
the infimum taken over all metric spaces (Y, d ) which are quasisymmetrically equivalent to X. Here dim H denotes Hausdorff dimension. Conformal dimension was introduced by Pansu [40] in connection with the quasi-isometric classification problem in geometric group theory, and has since found significant application in uniformization and rigidity questions in analysis on metric spaces and the theory of Gromov hyperbolic groups, see e.g., Bourdon [14] , [13] , Keith-Laakso [29] , Bonk-Kleiner [12] . Now assume that (X, d) is a fixed metric space, which we regard as an ambient environment. For a given subset S ⊂ X, we define the global conformal (Hausdorff ) dimension of S to be (1.2) GC dim H S = GC dim X H S = inf dim H F (S), the infimum taken over all quasisymmetric homeomorphisms F of X onto itself. Global conformal dimension has been considered by the author and various collaborators [45] , [10] , [11] , [47] in the case when the ambient is a dim A X = inf{s ≥ 0 : X is s-homogeneous}, where we say that X is s-homogeneous if the s-homogeneity constant of X, C s (X) := sup Λ⊂X (#Λ) min{d(x, y) : x, y ∈ Λ, x = y} diam Λ s , is finite, the supremum taken over all finite sets Λ ⊂ X. Here #Λ denotes the cardinality of Λ. We say that dim A X = ∞ if X is not s-homogeneous for any finite s. We always have dim H X ≤ dim A X [35, section 3] . For any open set U ⊂ R n , dim A U = n. Assouad dimension is a global construct which records the growth rate of the cardinality of uniformly separated subsets of X of a given diameter. It was introduced by Assouad [3] (under a different name) in connection with bi-Lipschitz embedding problems for doubling metric spaces. Indeed, (X, d) is a doubling space (e.g., a space of homogeneous type in the sense of Coifman and Weiss) if and only if dim A X is finite. See Heinonen [25, Chapter 10] and Luukkainen [35] for further information.
By an observation of Heinonen [25, Theorem 14.16] , the conformal Assouad dimension of a uniformly perfect metric space agrees with the Ahlfors regular conformal dimension, defined as in (1.1) but with the infimum taken over all Ahlfors regular metric spaces (Y, d ) quasisymmetrically equivalent with (X, d). Bonk and Kleiner [12] have indicated the relevance of Ahlfors regular conformal dimension for Cannon's conjecture and the quasisymmetric uniformization problem for metric 2-spheres.
By analogy with (1.1) and (1.2), we define the conformal Assouad dimension of a metric space X, resp. the global conformal Assouad dimension of a set S ⊂ X, to be (1.5) C dim A X = inf dim A Y, the infimum taken over all metric spaces (Y, d ) which are quasisymmetrically equivalent to X, resp.
(1.6) GC dim A S = GC dim X A S = inf dim A F (S), the infimum taken over all quasisymmetric homeomorphisms F : X → X. The inequalities C dim H X ≤ C dim A X and GC dim H S ≤ GC dim A S are obvious. In [46] (see also Proposition 2.4 in this paper) we showed that C dim A X ∈ {0} ∪ [1, ∞] for every metric space X and GC dim R n A S ∈ {0} ∪ [1, n] for every S ⊂ R n .
We now state our main result. Let H n , n ∈ N, be the Heisenberg group equipped with a sub-Riemannian metric of Carnot-Carathéodory type. We recall that H n is Ahlfors regular with homogeneous dimension Q = 2n + 2, in particular, dim A H n = dim H H n = 2n + 2. The existence of subsets of H n with prescribed global conformal Assouad dimension in [1, 2n + 2] is a modification, and extension to arbitrary n, of Theorem 1.3 in [4] , which concerns global conformal Hausdorff dimension in H 1 . The hard part of Theorem 1.1 is the proof that GC dim H n A takes on no value strictly between zero and one. The proof of this result is similar to that of its Euclidean predecessor in [46] , but also incorporates elements of the theory of self-similar fractal geometry and tilings in Heisenberg groups.
We also consider dilatation-dependent estimates for the distortion of Assouad dimension. Theorem 1.2. Let S ⊂ H n be s-homogeneous for some s < 2n + 2 and let F : H n → H n be a K-quasiconformal homeomorphism. Then F (S) is s -homogeneous for some s = s (s, n, K) < 2n + 2. In section 2 we review basic notions and definitions and establish the setting for the paper. Section 3 presents relevant elements of the theory of self-similar fractal geometry and tilings in H n . In section 4 we relate Assouad dimension with porosity and prove Theorem 1.2 and Corollary 1.3.
Section 5 contains the proof of our main result, Theorem 1.1. In subsection 5.2 we show that sets S of Assouad dimension strictly less than one have global conformal Assouad dimension zero. To this end, we use the connection between Assouad dimension and porosity to identify annuli which avoid S at all scales and locations, and implement a Korányi-Reimann flow of quasiconformal maps which increases the conformal moduli of the separating annuli. This leads to a reduction in the Assouad dimension.
The second part of the proof of Theorem 1.1 consists in the construction of sets which are minimal for global conformal Assouad dimension in the dimension range [1, 2n + 2] . The low codimension case [2n + 1, 2n + 2] is particularly challenging. We consider Cantor sets of smooth closed noncharacteristic hypersurfaces in H n . Lower bounds on the global conformal dimension of such sets are established in subsection 5.1 using a method from [4] . In a concluding appendix, we establish the Ahlfors regularity of these examples via the regularity theory for the CC distance recently developed by Arcozzi and Ferrari [1] , [2] .
Acknowledgements. I am grateful to Nicola Arcozzi for providing me with an early copy of [1] and discussing the forthcoming work [2] .
Review of definitions and basic results
2.1. Assouad dimension. We recall some basic properties of the Assouad dimension. For a more comprehensive discussion, see Luukkainen [35] and Chapter 10 of [25] .
The following theorem combines (6.6) and Theorem A.5 of [35] with Exercise 10.16 of [25] . Proposition 2.1. Let (X, d) be a metric space, and let Y, Y ⊂ X. Then
We recall that a Borel measure µ on a metric space (X, d) is called (Ahlfors) Q-regular (Q ≥ 0) if there exists a constant C < ∞ so that
for every x ∈ X and r ∈ (0, diam X). If X carries a Q-regular measure µ, then µ is comparable with the Hausdorff measure H Q [25, Exercise 8.11] . Similarly, when Y is a subset of X, we say that a Borel measure µ supported on Y is (Ahlfors) α-regular (α ≥ 0) if there exists a constant C < ∞ so that
for every y ∈ Y and r ∈ (0, diam Y ). Combining Proposition 2.1(viii) with the above observations gives
We say that X is Ahlfors regular if it is Q-regular for some Q ≥ 0. Every Ahlfors regular space is uniformly perfect which means that there exists c > 0 so that cr ≤ diam B(x, r) ≤ 2r for all x ∈ X and r ∈ (0, diam X). This follows easily from volume considerations. The Ahlfors regular conformal dimension of a metric space (X, d) is ARC dim X = inf dim H Y , the infimum taken over all Ahlfors regular spaces (Y, d ) which are quasisymmetrically equivalent to X. By Theorem 14.16 of [25] ARC dim X = C dim A X for each complete, uniformly perfect metric space (X, d).
In the proof of Theorem 1.1 we will employ the following lemma which goes back to Bourdon [13] and Pansu [41] . Lemma 2.3 (Bourdon, Pansu). Let X be a compact α-regular metric space, and suppose that X contains a family of curves Γ which is equipped with a probability measureμ so that (i) inf γ∈Γ diam γ > 0, and (ii) sup x∈Xμ {γ ∈ Γ : γ ∩ B(x, r) = ∅} ≤ Cr α−1 for all r > 0.
The range of global conformal Assouad dimension in R n was studied in [46] . In Theorem 3.1 of [46] we showed the following result:
2.2. The Heisenberg group H n . Our setting is the Heisenberg group H n = C n × R = R 2n+1 equipped with the non-abelian group law (z, t) · (z , t ) = (z + z , t + t + 2 z, z ), where z, z = Im( n j=1 z j z j ) denotes the standard symplectic inner product in C n . We denote by o = (0, 0) ∈ C n × R the identity element in H n . Writing z = (z 1 , . . . , z n ) = (x 1 + iy 1 , . . . , x n + iy n ) for an arbitrary point of C n , we denote by X j = a basis for the horizontal distribution HH n , which is annihilated by the contact form ω = dt + 2 n j=1 (x j dy j − y j dx j ). We equip the vector subspaces H p H n with a smoothly varying inner product which makes the vector fields {X 1 , Y 1 , . . . , X n , Y n } orthonormal, and denote by d cc the associated Carnot-Carathéodory (CC) metric. Then (H n , HH n , d cc ) has the structure of a Carnot (nilpotent stratified Lie) group, indeed, the Lie algebra of H n is step two nilpotent, with first layer h spanned by X 1 , Y 1 , . . . , X n , Y n and second layer v = [h, h] spanned by T = ∂ ∂t . The homogeneous dimension of H n is 2n + 2; this is the Hausdorff dimension of (H n , d cc ). The Haar measure in H n coincides with the Lebesgue measure in the underlying Euclidean space R 2n+1 and (up to a constant multiple) with the (2n + 2)-dimensional CC Hausdorff measure. We denote by δ r the anisotropic dilation δ r (z, t) = (rz, r 2 t) with scale factor r > 0, by R A (z, t) = (Az, t) the rotation by A ∈ U (n), and by π : H n → C n the projection π(z, t) = z.
For z as above, we write |z| ∞ = max{|x 1 |, |y 1 |, . . . , |x n |, |y n |} and record the elementary inequality
In place of the Carnot-Carathéodory metric d cc we will use more computationally friendly metrics such as the gauge metric d(p, q) = ||p −1 · q||, where
and the related Korányi metric d H (p, q) = ||p −1 · q|| H , where
The fact that d H is a metric is well-known; that d is a metric is an easy consequence of (2.1). All three metrics, d cc , d and d H , are left invariant and evidently homogeneous of order one with respect to the dilations δ r , hence bi-Lipschitz equivalent. We denote by B(p, r), resp. B H (p, r), resp. B cc (p, r) the ball with center p and radius r in the metric d, resp. d H , resp. d cc . Diameters of sets and distances between sets will always be computed in the gauge metric and denoted diam, dist. We write dim H S, resp. dim A S, for the Hausdorff, resp. Assouad, dimension of a set S ⊂ H n calculated in the gauge metric. Also we write H α , resp. H α δ , 0 < δ ≤ ∞, for the α-dimensional Hausdorff measure, resp. premeasure at scale δ, in the gauge metric, and we write H α E for the α-dimensional (Euclidean) Hausdorff measure on R. We note that H α ∞ coincides with the α-dimensional Hausdorff content, defined as follows:
the infimum taken over all covers of A with balls {B(p i , r i ) : i = 1, 2, . . .}. The CC metric d cc will not be used in any quantitative sense, apart from a brief occurrence in Example 6.5.
The Heisenberg group H n is equipped with a natural conformal inversion
If F is K-QC for some K < ∞ we say that F is quasiconformal or QC. We use conformal as a synonym for 1-quasiconformal. Each C 2 smooth quasiconformal map F is a contact map which means that the pullback of the contact form ω under F is a nonvanishing multiple of ω: F * ω = λω. F is called orientation-preserving if λ > 0 and orientationreversing if λ < 0. According to Theorem 8 of [31] , sufficiently smooth 2 orientation-preserving conformal maps on a domain in H n are precisely the restrictions of compositions of left translations
The theory of quasiconformal maps in H n is due to Korányi and Reimann [31] , [32] ; see also Heinonen [23] , and Heinonen-Koskela [26] for extensions to metric measure spaces of bounded geometry. Quasiconformal maps in Carnot groups first arose in the context of Mostow's rigidity theorem [38] . It is well-known that the class of quasiconformal homeomorphisms of H n coincides with the class of quasisymmetric homeomorphisms. A homeomorphism
for all x 1 , x 2 , x 3 ∈ X and t > 0.
Korányi and Reimann [31] , [32] identified the infinitesimal generators of flows of smooth quasiconformal homeomorphisms of H n . According to [32, §5] , for each u ∈ C ∞ (H n ) the vector field
The coefficient of quasiconformality K s for F s can be bounded above in terms of n, s and the expressions
2 After work of Capogna [15] , [16] and Capogna-Cowling [17] , it is now known that the smoothness criterion is automatically satisfied for 1-quasiconformal maps, even in arbitrary Carnot groups.
3 The 1-quasiconformality of F = j H is an easy exercise using the identity (2.5).
Example 2.5.
. By (2.4) the associated vector field is
where z 0 = (x 01 + iy 01 , . . . , x 0n + iy 0n ). The associated flow of mappings is
which is a flow of conformal homotheties with common fixed point at p 0 .
2.4. Assouad dimension redux. Similarities of H n are bi-Lipschitz and thus preserve Assouad dimension. Luukkainen [35, Theorem A.10(1) ] proved that Assouad dimension of subsets of R n is invariant under inversion in the unit sphere S n−1 . We establish a Heisenberg analog.
Proof. The key ingredient in the proof is the following analog of a classical Euclidean inversion relation:
This is a straightforward computation, see [18, (2.15) ]. With (2.5) in hand the proof of Proposition 2.6 follows the lines of [35, Theorem A.10 (1)]. By Proposition 2.1(i) we may work with the Korányi metric d H . Since j H is an involution, it suffices to show that S is s-homogeneous whenever j H (S) is s-homogeneous. When s = 0 this is trivial (S is 0-homogeneous if and only if it is finite), so assume s > 0. Let Λ be a finite subset of S with
where C s denotes the s-homogeneity constant for j H (S). If β ≤ A we have
Repeating the above argument for each i and summing leads to the estimate #Λ ≤ 64 s /(2 s − 1)C s (β/α) s ; see the proof of Theorem A.10(1) in [35] for further details. Combining the above cases, we see that Λ is s-homogeneous.
In view of Proposition 2.6 and Korányi and Reimann's classification of the conformal maps in H n , we have the following
It is well-known that quasiconformal maps can distort dimension. In the Heisenberg group and for the Assouad dimension we have the following: Theorem 2.8. For any n ≥ 1 and any 0 < α < β < 2n + 2, there are compact sets S α , S β ⊂ H n and a quasiconformal homeomorphism F of H n so that dim A S α = α, dim A S β = β, and F (S α ) = S β .
The analogous theorem for Hausdorff dimension is due to Balogh [4] , following the original result of Gehring and Väisälä in Euclidean space [21] . Theorem 2.8 is an immediate consequence of the H n version of [4, Theorem 1.1] in view of the Ahlfors regularity of the relevant examples S α , S β .
For K-dependent bounds on distortion of Assouad dimension by quasiconformal maps, see Theorem 4.6.
3.
Fractal geometry in H n 3.1. The Heisenberg cube. Throughout this paper we make extensive use of self-similar tilings of H n . Strichartz [42] , [43] , first considered dyadic fractal tilings in nilpotent stratified Lie groups, see also Gelbrich [22] . Almost sure dimension formulas for horizontal self-similar and self-affine fractals in the first Heisenberg group were established in [6] ; see [5] for further results. Fractal geometry in general Carnot groups, with application to Gromov's dimension comparison problem, has been studied in [7] , [8] .
Our primary tool is a class of tilings of H n which generalizes the construction in [42] , [43] . We begin with a description of the basic tile.
Example 3.1. Fix an odd positive integer b ≥ 2n + 1, and consider the iterated function system in H n generated by the following collection of b 2n+2 contractive similarities:
where p k,l = (z k , t l ) with
. . , b} 2n , and
is a similarity map of H n with contraction ratio 1 b < 1, hence the collection {F k,l } defines a unique nonempty compact invariant set T o ⊂ H n characterized by the identity
Remark 3.2. We may identify H n with R 2n+1 and view the IFS {F k,l } as a self-affine IFS in R 2n+1 equipped with the Euclidean metric d E . Thus T o is a Euclidean self-affine set. According to Lemma 3.3 below, o is an interior point of T o . Thus T o has (Hausdorff or Assouad) dimension 2n + 2 in (H n , d cc ), and has dimension 2n + 1 in (R 2n+1 , d E ). By Theorem 1.1 in [34] , T o coincides with the closure of its interior, and ∂T o ⊂ R 2n+1 is a null set for Lebesgue measure. Observe that
where Q ± are vertical translates of the Heisenberg square Q which is defined as the invariant set for the IFS {F k,(b 2 +1)/2 } k∈{1,...,b} 2n . In fact, Q + is the invariant set for the IFS {F k,b 2 } k , while Q − is the invariant set for the IFS {F k,1 } k . Q is a sub-Riemannian self-similar fractal whose Hausdorff dimension (in either the CC or Euclidean metric) equals 2n. See [5] and [42] for further information. The set W (the walls of T o ) is a union of portions of vertical hyperplanes; W has CC Hausdorff dimension 2n + 1 and Euclidean Hausdorff dimension 2n.
where
Note that r in > 0 and r out ≤ 3 4 for all n, since b ≥ 2n + 1. In the proof, we use the following representation formula for points in T o . Compare (2.8) in [42] . We denote by p : {1, . . . , b} 2n × {1, . . . , b 2 } → T o the canonical symbolic representation map:
Proof of Lemma 3.3. By (3.3) and Remark 3.2, points in Q + have symbolic representations as in (3.2) with
2b 2 for all j ≥ 1 and the t-coordinate of such a point is equal to
By (2.1) this value is at least
for all n. Here we used the estimate
3.2. Strichartz-type tilings in H n . Let H n Z = {(z, t) ∈ H n : z ∈ Z n + iZ n , t ∈ Z} denote the integral Heisenberg group. The defining equation (3.1) for T o can be rewritten as the tiling equation
where p · S := {p · q : q ∈ S} and D denotes the set of points p = (z, t) in
2 . Iterating and passing to the limit, we obtain
with disjoint interiors. Note that T o = T (o, 1). We write
for the set of tiles in (3.4), and T * = m∈Z T m . T m refines T m+1 in the sense that each element of T m is contained entirely within a unique element of T m+1 . We call T ∈ T m a child of T ∈ T m+1 (and T the parent of T ) if T ⊂ T . From Lemma 3.3 we deduce the inclusions
for all m ∈ Z and all p ∈ δ b m H n Z . We will use the following relation defined on T m . We say that T ((z, t) Proof.
On the other hand, if T and T are adjacent, then there exists a chain of tiles T = T 0 , T 1 , . . . , T N = T in T m with N ≤ 36n + 2 and
as desired.
Let T be an element of T m . We define the star of T to be the set star(T ) = {T ∈ T m : T is adjacent to T }.
By Lemma 3.4,
Porosity, sparseness, and Assouad dimension
The notion of porosity is a common theme in geometric function theory and complex dynamics. A set S in a metric space (X,
Roughly speaking, porous sets avoid subballs of comparable size within metric balls at every location and scale. For our purposes, it will be helpful to refine the notion of porosity to obtain greater control over the location of the omitted subball. The following definition is formulated using Strichartz tilings. As a corollary we obtain the equivalence of porosity with a bound on the Assouad dimension. Compare Theorem 5.2 in [35] .
Corollary 4.4. S ⊂ H n is porous if and only if dim A S < 2n + 2. The porosity constant c depends only a choice of s ∈ (dim A S, 2n + 2) and the s-homogeneity constant C s . Conversely, dim A S is bounded above by a constant depending only on n and the porosity constant c.
Proof of Corollary 4.4. First, suppose that dim A S < 2n + 2. Then S is shomogeneous for some s < 2n + 2. By Proposition 4.3, S is (b, k)-sparse for some sufficiently large integer b and k ≤ b s < b 2n+2 . Then S is (b, b 2n+2 −1)-sparse and hence porous by Remark 4.2.
Conversely, assume that S is porous and hence (b, b 2n+2 −1)-sparse. Then S is s-homogeneous with s = log(b 2n+2 − 1) log b < 2n + 2 and hence dim A S < 2n + 2.
Before proving Proposition 4.3, we state an application to dilatationdependent bounds for quasisymmetric distortion of Assouad dimension. We require, in addition, the quasisymmetric invariance of porosity. The latter result holds in the general setting of Ahlfors regular Loewner metric measure spaces, as in the following theorem. Recall that a metric measure space (X, d, µ) is called Loewner (with exponent Q) if there exists a decreasing function ϕ : (0, ∞) → (0, ∞) so that the Q-modulus of the family Γ of curves joining two nondegenerate continua E, F ⊂ X verifies the inequality
for every pair E, F . See [26] or [25] for more information and the definition of the modulus of a curve family. The Heisenberg group H n (or any Carnot group equipped with Carnot-Carathéodory metric and Haar measure) is an Ahlfors regular Loewner space, see [26, section 6 .2], [23] or [24] . See [48] for the Euclidean case. We do not need such stronger results in our context.
Proof. We assume that X and Y are unbounded which suffices for our application to the Heisenberg group. The bounded case is similar. The inverse map F −1 : Y → X is η -quasisymmetric for a suitable η depending only on η. Suppose that S is c-porous in X but F (S) is not c -porous in Y . We will show that c admits a uniform lower bound depending only on the data specified in the statement of the theorem. We may assume that c ≤ (4η(1)) −1 ≤ where w = F (z) ∈ B(y, r /2) and H = η(1). Since B(w, t) is disjoint from F (S) and B(w, c r ) meets F (S), we must have t < c r , so
B(w, t) ⊂ F B(z, cr) ⊂ B(w, Hc r ).
Let Γ denote the family of curves joining B(z, cr) to X \ B(x, H r). By the Loewner property of (X, d, µ) and the comparability of diam B(x, r) and r,
for some c 1 > 0 depending only on the regularity data of X. On the other hand, the curve family F (Γ) is minorized by the curve family Γ joining B(w, Hc r ) to Y \ B(w, r /2). Then
for some constant C depending only on the regularity data for Y , by a standard estimate for the Q-modulus (see [26, Lemma 3.14] ).
Every η-quasisymmetric homeomorphism between locally compact Qregular metric measure spaces, Q > 1, satisfies the geometric quasiconformality condition
for all curve families Γ and some constant K ≥ 1 depending only on η, Q, and the regularity data of X and Y . See [44] . Thus
. This completes the proof.
Combining Corollary 4.4 and Theorem 4.5 gives Theorem 1.2 and Corollary 1.3 from the introduction, which we restate in the following form: Theorem 4.6. Let F : H n → H n be a K-quasiconformal homeomorphism, and let S ⊂ H n satisfy dim A S ∈ (0, 2n + 2). Then
where the constants α, β depend only on K, n, a constant s ∈ (dim A S, 2n+2) and the s-homogeneity constant C s for S.
In fact, α can be chosen to depend only on K and dim A S; this follows from Proposition 5.1 in [46] and the fact that F is power quasisymmetric.
The analog of Theorem 4.6 for Hausdorff dimension in Euclidean space is the well-known result of Gehring and Väisälä [21, Theorem 12] . In the case of Hausdorff dimension in the Heisenberg group, the relevant result is due to Balogh [4, Theorem 4.1]. For Assouad dimension in Euclidean space, see [46, Proposition 5.4] .
We conclude this section with the proof of Proposition 4.3.
Proof of Proposition 4.3. Suppose that S is (b, k)-sparse with k < b 2n+2 ; we will show that S is s-homogeneous for s = log k/ log b < 2n + 2. Choose 0 < α ≤ β < ∞ and let Λ be a finite subset of S satisfying α ≤ d(p, q) ≤ β for all p, q ∈ Λ, p = q. We estimate the cardinality of Λ. Choose integers m and M so that 2b m ≤ α < 2b m+1 and
We claim that (i) Λ is contained in at most N 0 elements of T M , and (ii) any two distinct elements of Λ lie in distinct elements of T m . To prove (i), choose p ∈ Λ and a tile T ∈ T M containing p and observe that Λ ⊂ star(T ). Indeed, if q ∈ Λ ∩ T with T and T nonadjacent in
Similarly, to prove (ii) we note that no two points of Λ can lie in the same element of T m . Indeed, if p, q ∈ Λ ∩ T with T ∈ T m , then 
which shows that S is s-homogeneous. Next, assume that dim A S < 2n + 2 and s ∈ (dim A S, 2n + 2). Choose t ∈ (dim A S, s) and let C t be the t-homogeneity constant of S. Let b ≥ 2n+1 be a large odd integer whose exact value will be determined momentarily. We consider the tilings T m , m ∈ Z. For each T ∈ T m we may divide the children of T into at most N 0 families, each containing at least b 2n+2 /N 0 elements, so that any two tiles in the same family are nonadjacent. Suppose that a collection of tiles T 1 , . . . , T L from one of these families each intersect S. Choose p i ∈ T i ∩ S, and let Λ = {p 1 , . . . , p L }. Since S is t-homogeneous,
Summing over all families, we find that the total number of children of T which can intersect S is at most
We now choose b so large that
then S is (b, k)-sparse with k ≤ b s as desired.
Global conformal Assouad dimension in H n
This section is devoted to the proof of Theorem 1.1, which we restate in expanded form in the following two propositions.
Proposition 5.1. For each α ∈ {0} ∪ [1, 2n + 2] there exists a bounded set S ⊂ H n with . The cases α = 0, α = 1, α = 2n + 1 and α = 2n+2 are easily dealt with, considering finite sets, smooth bounded horizontal curves, boundaries of smooth domains (see Example 6.2) and closed balls. We treat the cases 1 < α < 2n + 1 and 2n + 1 < α < 2n + 2 in turn.
Case I: α ∈ (1, 2n + 1). In this case examples from [4] continue to serve; we briefly recall the construction and refer to [4] for the technical details.
We construct an α-regular set S ⊂ H n which verifies the conditions in Lemma 2.3. Let S 0 be a self-similar Ahlfors (α − 1)-regular Cantor set contained in the codimension two subspace P = {(z, t) ∈ H n : z 1 = 0}. Such a set can be constructed as the invariant set for an iterated function system satisfying the strong open set condition with fixed points in P . See [8] or Example 6.1 for more details. The Hausdorff measure H α−1 restricted to S 0 (and suitably normalized) is an (α − 1)-regular measure. Set
where e 1 = (1, 0, . . . , 0) ∈ C n . We write t * p for the point (te 1 , 0) · p. We define a measure ν on S by setting
for A ⊂ [0, 1] and B ⊂ S 0 (L 1 denotes Lebesgue measure on [0, 1]) and extending to a measure on the σ-algebra generated by product sets of the type A * B. Then ν is an α-regular measure on S; see the discussion on pp. 305-306 of [4] for the proof in the H 1 case. The measure H α−1 on S 0 lifts to a probability measure on the curve family
The hypotheses of Lemma 2.3 are easily verified. This completes the proof in Case I.
Case II: α ∈ (2n+1, 2n+2). As mentioned above, it is unclear whether the examples from [4] continue to serve in this case. Recall that Lemmas 5.1 and 5.2 of [4] show that certain Cantor sets of Heisenberg spheres are minimal for GC dim H n H . In attempting to use the same example for GC dim H n A we encounter difficulties in showing that such sets have the prescribed Assouad dimension. Indeed, although these sets are constructed as a kind of product of Ahlfors regular "radial" and "spherical" sets, it is not clear whether they are in fact Ahlfors regular. Complications arise in estimating the measure near characteristic points of the spheres. We avoid this issue by replacing "Cantor sets of Heisenberg spheres" with "Cantor sets of smooth closed noncharacteristic hypersurfaces". We establish the Ahlfors regularity of such sets in Example 6.5. In what follows, we show that they are minimal for global conformal dimension.
Lemma 5.3. Let S be a C 3 noncharacteristic hypersurface bounding a domain Ω in H n , let > 0 be as in Proposition 6.3, let D ⊂ [0, ) be an a-regular Cantor set (0 < a < 1), and let X = r∈D P + (S, r) be the (2n + 1 + a)-regular set constructed in Example 6.5. Then GC dim H n H X ≥ 2n + 1 + a. Combining Lemma 5.3 and Example 6.5 we deduce that X is minimal for global conformal dimension (Hausdorff or Assouad), of dimension 2n+1+a.
Proof of Lemma 5.3. Again, we adapt an argument from [4] . Let F be a quasiconformal homeomorphism of H n . Our first goal is to show that
where H α ∞ denotes the α-dimensional Hausdorff content, see (2.2). Adapting an argument of Pansu, see p. 309 of [4] , we derive (5.2) from Pansu's isoperimetric inequality
valid for all bounded domains Ω ⊂ H n with piecewise C 2 boundary, for some absolute constant c > 0. See [39] or [18] for a proof of (5.3) in the first Heisenberg group. Since F (P + (S, r)) is compact it suffices to consider finite covers
, which yields (5.2). The final inequality here comes from the Ahlfors (2n+1)-regularity of ∂B i ; see Example 6.2.
Let 0 < η < a/2 and let {B i = B(p i , r i ) : i = 1, 2, . . .} be an arbitrary cover of F (X). We may assume that the dilates B(p i , 1 5 r i ) are pairwise disjoint. Setting p i = F −1 (p i ), we deduce from the quasisymmetry of F and the equivalence of d and d cc the existence of a constant H = H(F ) ≥ 1 and radii r i > 0 so that
for each r ∈ D. Integrating with respect to the a-regular measure H a E on D yields
Since ba > 2n+1+a = dim A X we may choose δ > 0 sufficiently small so that r i ≤ δ implies i r ba i ≤ 1. See [36, section 5.9] for details. By local uniform continuity of F −1 , we may choose > 0 sufficiently small so that r i ≤ δ whenever r i ≤ . An application of Hölder's inequality gives
from which we conclude
Thus dim H F (X) ≥ 2n + 1 + a − η. Taking the infimum over all quasiconformal homeomorphisms F of H n and letting η 0 completes the proof.
Global conformal Assouad dimension in
H n takes on no value between zero and one. Suppose that S ⊂ H n satisfies dim A S < 1. We aim to show that GC dim A S = 0. According to Proposition 4. Here for a collection C of sets, we write ∪C = {p : p ∈ C for some C ∈ C}. The separating annuli ∪C(m, j) \ ∪B(m, j) which appear in the preceding proof will enable us to shrink the Assouad dimension of S by implementing a Korányi-Reimann flow which conformally shrinks each of the sets ∪B(m, j) while leaving the complement of j ∪C(m, j) invariant. For technical reasons we work also with the associated annulus ∪B(m, j)\∪A(m, j); the reason for this added complication in the proof stems from the appearance of star(T ) in part (v) of the proof.
Before beginning the proof, we make some brief remarks. First, by (5.5) and Lemma 5.4(iv) , no element of B(m, i) is adjacent to any element of B(m, j) when i = j. By Lemma 3.4,
Similarly, by Lemma 5.4(v) and ( 
Suppose that the conclusion holds for some m + 1 ≤ 0; we show it for m. Fix a tile T in A(m + 1, j) for some j ≤ N m+1 , and let T 1 , . . . , T q , q ≤ k, be the children of T which meet S. Fix i, 1 ≤ i ≤ q, and define a sequence of annular shells F j = F j (T, T i ), j ∈ {0, 1, 2, . . .}, as follows: F 0 = {T i } and for each j ∈ N, F j consists of all elements of T m \ {T i } which are adjacent to but not contained in an element of F 0 ∪ · · · ∪ F j−1 . Since k ≤ b/(1000n) there exists j(i), 1 ≤ j(i) ≤ b/(250n), so that F j(i) , F j(i)+1 and F j(i)+2 consist entirely of tiles disjoint from S. We claim that
for each i. To see this, suppose that there exists a tile T in F 0 ∪ · · · ∪ F j(i) whose parent is not adjacent to T . Then
This distance is bounded above by the sum of j(i) terms, each of which is the diameter of the star of an element of T m . By (3.6),
which is a contradiction. We conclude that all tiles in F 0 ∪ · · · ∪ F j(i) have parent in star(T ), which immediately implies (5.6).
We say that a pair of tiles T ∈ T m+1 , T i ∈ T m are an admissible pair if For each m and j, choose a tile T (m,j) = T (p (m,j) , b m−1 ) ∈ T m−1 which is a child of one of the constituent tiles in A(m, j), and a tile T (m,j) ∈ T m+1 so that ∪B(m, j) ⊂ star(T (m,j) ). Define u p (m,j) and (F p (m,j) ,s ) as in Example 2.5. Our task is to calculate how large s must be to guarantee that
and
we see that (5.7) is satisfied provided
The latter equation is satisfied when s is equal to
Now, for fixed m ≤ 0, set
, and supp ϕ (m,j) ⊂ ∪C(m, j). Denote by (G m,s ) the corresponding flow of QC maps of H n . Choose s = s 0 as above. One easily verifies that the maps G m := G m,s 0 are all quasiconformal with uniformly bounded coefficient of quasiconformality. Note that G m acts as a (conformal) dilation in ∪B(m, j) for each j, and is equal to the identity on the complement of j ∪C(m, j).
, the maps F m are also all quasiconformal with uniformly bounded coefficient of quasiconformality, and equal to the identity in the complement of T 0 . Furthermore, F m takes ∪B(m , j ) into T (m ,j ) for each m ∈ {m, m + 1, . . . , 0} and j .
By standard compactness theorems for quasiconformal maps, the maps F m converge pointwise to a limit map F which is again quasiconformal. We check that the Assouad dimension of S is decreased by F . By Lemma 5.4(vi), for each tile
To remove the assumption that S is bounded, we use the invariance of Assouad dimension under the inversion j H . Let S be a subset of H n with dim A S < 1. We may assume that S is closed by Proposition 2.1(iii). Choose p 0 ∈ S and > 0 so that
Then p 0 is a removable singularity for G, and we may extend G to a QC homeomorphism of H n . Since dim A G(S) = dim A j H (F (S )) = dim A F (S ) we conclude that GC dim A S = GC dim A S. By the first part of the proof, GC dim A S = 0. Hence also GC dim A S = 0, which completes the proof.
Remark 5.5. Proposition 5.2 is best possible in the sense that there are sets of Assouad dimension one whose dimension cannot be lowered. However, restricting to subsets of the t-axis allows for a stronger statement, to wit,
Remark 5.7. Suppose S ⊂ H n with dim H S > 0. Is sup dim H F (S) = 2n + 2, where the supremum is taken over all QC maps F : H n → H n ? The analogous question in R n has been answered in the affirmative by Bishop [9] . His proof relies on the Tukia-Väisälä extension theory for quasiconformal maps in R n and admits no straightforward adaptation to H n . The analogous question for the Assouad dimension is open for both H n and R n .
Appendix
In this appendix, we present examples of Ahlfors α-regular subsets of H n for various α. By Proposition 2.1(viii) each of these sets has Assouad and Hausdorff dimensions equal to α.
Example 6.1. Let S ⊂ H n be a set which is self-similar with respect to D, where D is any of the metrics d cc , d or d H . In other words, we assume that there exist contractive similarity maps F 1 , . . . , F M of H n so that
We denote by r i the contraction ratio for
for all p, q ∈ H n . Examples include the Heisenberg cube and Strichartz tiles; further examples can be found in [5] and [8] . If the maps {F 1 , . . . , F M } satisfy the open set condition, then S has positive and finite Hausdorff α-measure, where α is the unique nonnegative solution to the equation
Thus dim H S = α. In addition, the natural self-similar measure µ on S, characterized by the identity µ(
is Ahlfors α-regular. This is part of the content of the Moran-Hutchinson theorem [37] , [28] . See Kigami [30, section 1.5] for more details. By an appropriate choice of the F i we can arrange Cantor-type examples of this sort for each α ∈ [0, 2n + 2]. Example 6.2. Let S be any bounded C 1,1 hypersurface in H n which bounds a domain Ω. By Corollary 1.4 in [19] , the perimeter measure P H (Ω, ·) is an Ahlfors regular measure of dimension 2n + 1 on S.
In the next example, we construct low codimensional Ahlfors regular subsets of H n which are foliated by smooth hypersurfaces. In subsection 5.1, we show that these sets are minimal for global conformal Assouad dimension.
Recall that a point p on a C 1 hypersurface S ⊂ H n is called characteristic if T p S = H p H n . The characteristic locus of S is the set of characteristic points. For > 0 we denote by P (S, ) = {p ∈ H n : dist cc (p, S) = } the -parallel set of S. When S = ∂Ω, we also consider P + (S, ) = P (S, ) ∩ (H n \ Ω), which is the boundary of the domain B(S, ) = {p ∈ H n : dist cc (p, S) < }.
Arcozzi and Ferrari [1] studied regularity properties of the distance function to a smooth hypersurface. 7 We recall a special case of some of their results (see Theorems It follows that P + (S, r) is a (bounded) C k−1 hypersurface for r < ; if k ≥ 3, then Example 6.2 implies that P + (S, r) is Ahlfors (2n + 1)-regular.
Remark 6.4. Hypersurfaces of the type described in Proposition 6.3 exist. For example, the standard torus S = {(z, t) ∈ H n : (|z| − r ) 2 + t 2 = r 2 }, 0 < r < r < ∞, has empty characteristic locus. Indeed, the tangent hyperplane T p 0 S at a point p 0 = (z 0 , t 0 ) ∈ S is (z, t) ∈ R 2n+1 : (1 − r |z 0 | ) Re(zz 0 ) + t 0 t = 0 , while the horizontal hyperplane H p 0 H n is (z, t) ∈ R 2n+1 : t + 2 Im(zz 0 ) = 0 .
If T p 0 S = H 0 H n we easily deduce that (1 − r /|z 0 |) 2 + 4t 2 0 = 0, which is impossible for points p 0 ∈ S. Example 6.5. Let S be a C 3 noncharacteristic hypersurface which bounds a domain in H n . Let D ⊂ [0, ) be a standard (compact) Cantor set of (Euclidean) dimension a, 0 < a < 1, equipped with the natural Ahlfors a-regular measure H a E . Define X := r∈D P + (S, r).
We claim that X is Ahlfors regular of dimension 2n + 1 + a. Define a measure µ on X by µ(A) = D H 2n+1 (A ∩ P + (S, r)) dH a E (r).
7 Note that the paper [1] treats only the case of the first Heisenberg group H 1 . The case of general n will be treated in the forthcoming work [2] . for all p 0 ∈ X and 0 < R < diam X, for some fixed C < ∞.
The right hand inequality in (6.1) is easy. If B(p 0 , R) ∩ P + (S, r) = ∅ for some r ∈ D, choose p 1 ∈ B(p 0 , R) ∩ P + (S, r) and observe that B(p 0 , R) ∩ P + (S, r) ⊂ B(p 1 , 2R) ∩ P + (S, r).
The result now follows from the Ahlfors (2n + 1)-regularity of P + (S, r), the Ahlfors a-regularity of D, and the definition of µ.
To prove the left hand inequality in (6.1), let p 0 ∈ P + (S, r 0 ) for some r 0 ∈ D, let 0 < R < diam X, and let r 1 ∈ D with |r 0 − r 1 | ≤ R/2. Set
where N + p (S) denotes the oriented metric normal to S at p; see Definition 4.1 in [1] . The fact which we require is the identity (6.2) d cc (N + q F (t), q) = |t|, valid for any C 1 hypersurface F , q ∈ F and t sufficiently close to zero. In our situation, we obtain p 1 ∈ P + (S, r 1 ) and an application of the triangle inequality and (6.2) gives d cc (p 0 , p 1 ) = |r 0 − r 1 | ≤ R/2. It follows that B(p 1 , 
where we used the (2n + 1)-regularity of P + (S, r), resp. the a-regularity of D, in the next-to-last, resp. last, line. Hence X is (2n + 1 + a)-regular.
